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Motivation

Motivation

Describing transport phenomena in mesoscopic conducting systems |

@ a confined mesoscopic system coupled to thermal e~ reservoirs

@ leads with one conducting sub-band

o low temperature: the phase coherence length (Ly) » size of
the sample (L)

@ quantum mechanical scattering problem of e -s
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The scattering matrix

The scattering matrix

o incident electron W(in) —s ylout) scattered electron

@ solution for the 1/}&'") orthonormal basis — scattering state for
an arbitrary initial state

@ both wave functions can be expanded on a full orthonormal

basis: { ('"} {@b(o”t}
wiin) — S aaw(m) wlout) — ZB bmbg’”t)

o Problem: find bg if the set of a, is known
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The scattering matrix
The scattering matrix

@ Expanding the initial state into a series of ng")
@ Expanding the scattered state
wlout) = 5~ wlewd)  (due to WM = 2, (")

w(out) — a, Zﬁ a'@ZJ(OUt)
© Solution

wlout) — S aa Zﬁ Sﬁaw(out) _ Zﬁ b ?,l)(o"t
\
bg =3, Spada
h=Sa
Q Spo: QM-amplitude to pass from ng") to ¢/(8°ut)




Properties of the scattering matrix

Properties - Unitarity

The particle number (flow) conservation implies the unitarity of S

~—

v,

Proof - normalized wave function
J BV = [ &5, 2l (S, 25057)

=025 aaaﬁfd3rz/1 (in) ( (m)) =Y 0 2.5 233008
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Properties of the scattering matrix

Properties - Micro-reversibility

The time-reversal symmetry implies
§:§T:5a5=5/3a J
. .. O(V* *
i =HY — inG) = H(V*) J
(wor(=0))" = (25 bsv "0 (=1)) " = £ 505" (1)
(Wn(=1))" = (Ta 20" (-1)) = T, a208(1)
\
5=51h, & =Sb*
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Properties of the scattering matrix

Properties - Micro-reversibility

Magnetic field - H

o In addition to the time and momentum reversal, one needs to
inverse the direction of the magnetic field, H - —H

S(H)y=S(—H)"
U
Sap(H) = Sga(—H)
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Current operator

Current operator

Application of scattering matrices
@ single-electron approximation — interaction is described by
Ueff(t, r)
@ incident and outgoing e~ flows through the surface >

o elastic, energy conserving scattering = Ly >> L

a=N,
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Current operator
.

Current operator

Reservoirs and leads

e N, macroscopic contacts as electron reservoirs:
To, tho, — Fermi-distribution
fo(E) = — 4

E—pa
14e kB Ta

o Leads:

o the eigenwave-functions are the basis functions for the
scattering matrix

Ho = 55p2 + 55=P5 + U(ry)

2m* 2m*

e assuming one conducting sub-band
o the solution is the product of transverse and longitudinal terms
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Current operator
.

Current operator

Second quantization

° operators creating/annihilating particles in quantum states
o 5h(E)/a(E) — vi" (E /Fa
o BL(E)/bo(E) = v "(E)/\/valE

4L.(E)ap(E") + 3p(E")3L(E) = 6apd(E — E')
bL(E)bs(E") + bs(E')bL(E) = b0pd(E — E')

0o L[ B g YY) )
\Ila(t,r)_—h/ dE e {aa(E)m—l—ba(E)m

(in)= (out)x
i
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Current operator
0

Current operator

a(t,x) = ;%/du {W@a(t, r) — U, i(t,r) aw‘gi{tv ")}

@ The basis wave functions

YUM(E,r) = ge(rL)e*EX
w(OUt)(E, r) _ fE(rJ_)eik(E)X

@ Much smaller bias than the Fermi-energy, pg

|E—E'| << E ~ g

N2
in(t) ://dE dE’e"E‘TE,f{BL(E)Ba(E/)—sL(E)éa(E/)} J
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Current operator
oce

~

Measurable current - (/)

Propagating from reservoir - a5(E)/a(E)

@ equilibrium in the reservoirs
@ quantum-statistical average = Fermi-distribution
(aL(E)as(E")) = 8apd(E — E')fa(E)
(8a(E)a5(E")) = dapd(E — E') {1 — fu(E)}

Scattered particles - biy(E)/ba(E)

@ non-equilibrium particles

@ calculate them from the in-coming particle operators
(out)

Yo = 5o g 0l o b Y e

o o=

4
b Nr a r Ny * A
ba = Zﬁ:l Sapép blc = Zﬂ:l aﬁa};
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DC current
°0

DC current and the distribution functions

@ under the DC bias: AVyp =V, — V3

@ the chemical potentials: o = po + eVa

@ energy: E = Eyin + Epor is conserved (in the stationary case)

v

Distribution functions

@ Averaging:

(8L (E)an(E")) = 6(E — E")f{"(E)
(B}.(E)bo(E")) = 6(E — E/)f-o(‘out)(E)
@ Average number of e -s: %fc(éin/out)(E)

@ For in-coming electrons: f\"(E) = £.(E)

\

=% [dE {fé"“t)(E) - fogi")(E)}
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DC current
oce

Distribution for scattered electrons - fCSOUt)(E)

8(E — E )f“’“* (E) = <bT(E>Ba(E')> =

_Zzsa/a <§B(E)3’Y(E ) =
ﬁr—l 'yr 1
=> > Sas(E)Sar(E")S(E — E')d5- f5(E)
B=1~v=1
4

()= Y O HE

N,
=1 / dE > ISa5(E)? {£3(E) — fa(E)}
B=1

4
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DC current
°0

DC current conservation

Current conservation

o Electrical charge continuity equation:

divj + g—’; =

o [ it over the volume enclosed by the surface

Z/ t)—l——:0

@ = both in stationary and non-stationary case:
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DC current
oce

DC current conservation

Does I, satisfy the conservation law?

@ The unitarity of the scattering matrix

§T8 = :>Z|SQB(E)| =1

° Substituting back:

Z' _/dEZ'Z'sag Afa(E) — fa(E)} =

a=1 =1

- Z/dE {Z F(E)S " ISas(E) - ifa(E)2|saﬁ(E)|2} _
B=1 a=1 a1 =1
= :/dE{i f2(E) —ifa(E)} _
B=1 a=1
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Summary

Derivation of the scattering matrix method

@ Problem of transport phenomena in macroscopic sample

2nd

Definition of current operator in quantization

@ Measurable current for DC bias

DC current conservation
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Thank you for your attention!
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